o5 35 445 5 1)
2022 4E 10 H

Ik o T

Journal of Vibration Engineering

% R Vol. 35 No. 5

Oct. 2022

SENSBRERETRENKRIIREE SR
i 45 i =X 77 7%

(1B T RF 2R S38E2EBE, T4 T M 5106405
2 BT B TR A 3 @SR R SR E, )R M 510640)

T RO T RO R B IR 5 AR A SC R R FRARRIAY o gEAT T BB S R M R AR P AR BEALIR sl A R
BURESAT o LS B S R ST Sl o o B SR A S5 SR T R AU 23 A 1 B R R B B R L S R
Gt ) 3 ) R 2R AR Y I ek e iR s R 2 B S HOR S B G T SR v O B i B R U ik . PR
4 T R S TR A B A kI Sk S R L 23 N T A B R 2 e i PR OO B R S AR
FARPETIHT o AR R M 72 8 T B2 20 B S A e BELJE 5 10 )= 0 U 45 R D BB, 96 T BT B O R T

TR BEAT AR

SR HHLIR 2 R MU s 0500 S8 IR A0 vk HHOR Sk RRR AR G

hESES: 0324; TU311.3 XEkFRERG: A
DOI:10.16385/].cnki.issn.1004-4523.2022.05.003

5l

i

LS NS5 F 52 R B, o3 B - BB Y RE 5[]
IS A A0 260 SR 1 R ORE %) 107 g S st R RS A R
AR BB AR AR Y 06 R BRABRE AL G ARk,
TE 45 F 4 3l Uk, 70 $ o S ZORE B0 2 )iz ] T4
TR SR B B8 1 12 AT R

ST R EWBENIR S e sl R T A
2 F BT . Spanos Al Zeldin' ™48 H T 2 B § 8
RNk R G2 T R B AL AR 30 09 05 505 B 7 . Agraw-
al g T AR B SO 1 H B R R G AR R
PR B AL I 2 9 B 3 BT % & o Di Paola %V 5L T
Lyapunov i 75 2 K i 1 70 B T A e v ik 7 19
PR E AR AR AL N o IR SR T M BE LR
oy M . 7E AR 4k B HLIR 30 43 B J7 1, Spanos
1 Evangelatos " FI| H ¢ ¢ -~ B B A 58 1 4 M Ak vk
A3 SR AT TR R RS SR R A3 RO 5 AR L P Bk
T N gt i . ANVE R A B BE AL T 2k
MG LA W50 T 20 B0 S 4R B R
(R O N e N R AR S i T
Xu AL SR FME 256 %5 13 Vi Ak 1 o 152 A B 5 4
RsfpE L g (0 5 B iy BE AR LM BERLSS H AT T B
FINTRERE I3 AT . B2 50 T BB T R e B LR B

5 B #3: 2020-12-17; 81T H #5: 2021-05-13

X EHS: 1004-4523(2022)05-1058-10

AT RS ] 2% S0k [ 12-14]

FARE 3 B 2 A5 A8 D0 Ak R AL TE R 45 A 45 0
P 45 ) 0T I 1) B LR, Kobelev! ™' WF 5 T 43
B T B AR AR DR SF 2R G0 Y R R i B A 4 R BB
Martinez- Agirre fll Elejabarrieta " 3K fift T 7 BBy 7
BB GR A 1k 5 F Y AR AE (BRI AR AE ) B R CBORE .
Lewandowski 1 Lasecka-Plura " #fF 57 T 15 & 43 B b
SRR AR JE AR e R S 0 Bh ) R R BUEE . Li
SRR Y un AR B M B JE R RGBT T sh
Wi 107 R CRE 3 A, A AT 09 O 2k TR A A T T 4 BB
BRG . FRBEAE & T 8 R et R 408
TR S E VR Bl T e Y R RS X o BB
FHUFR Ge R AL 2 2 B [R) 8 W58 B R R I 2
A SCERHIE . O3 —J7 T, R VERE e Lt &R G AL
By 7 B TR BAF 5 AR X A DG B SR AT = %
SCHkL20-211]

T AR SR B 1 — 2 A PR B LR 2l B e K
T 3E R A R Bl g e I R SRR £ e ek
i XFRIB A, BE U8 7E I B P 42 g 3 AR P AR N ¢
THHE B R AR Y e XA =X, S B S A 20 R A ER
FE R B e 1T 530, OF 0 T AR AR B AL T (Y 45 44
WANMEAL , A AR TSR B AR RCR . TE I
RBFFE ) SE AL b, A SO B 3R i 07 ke — 2 kR
;T B S B M &R e AR R R LR 3 R

HEETWB: BHR A RBE W H (51678252) ;7 M T Bl 270 22 1) #4351 H (201804020069) o



o5

GEGIAE A B B R e AR T AR B WL IR B R SO 23 B B I S0 1059

FEGMHT o SE R I o K S KA G Bl T R O ) S

A AR R S HE R R B 23 BT B A OR S i el
P Bt A R 3 AR R G B0 0 L SR Y I
Rk BAF MG R s A, # S R
R 17 28 R R B A I IR U 5 DUAR SR
T B E T B T ROR S FELE A 1 2 BT 14
A8 Ry BEL S 91, i T T 5 D7 VR B T SRS RE AT

1 SN SB RS A0 FHEE R

DB R L AR LI RGBT L
FIRWT .
MU (¢t)+ CU(¢t)+ KU (1)+

C.DiU(t)=LF(1) (1)
X M, C,K M C, 535 kot 56 [ v BHLJE 4E
| W'JW%E%%H/\ﬁMEF%&mE%E@-U( LU () Fn
U (¢) %0 500 hg 457 %% 1) 4o Bl & 1) 2 R0 o ok B i) ks

DU (¢ )%%mxﬂﬁ&mgm ) KT B E] 3R a (0
a<<1)Br S8 EF (o) AR BEVLEUED 5 L o B P
il 7 A ] i

3B S B SCAAR Z R, Hoh s E A
Riemann-Liouville (RL) & X | Caputo (C) & X Fl
Grunward-Letnikov (GL) & X . GL ¥ X 7E 5 {EH 1T
bR Gl L B R LRI

ZGL
nAt=1

Kp o AchEFEZEK s A8 GL, R GL &
B, B AL A N
I'(h—a)

GI,kZ(—l)"’( ): )

k I'(—a)l'(k+1)
0<<h<n (3)

K I(+)FRR Gamma B, | Gamma bR %L

BIPE IR, GL 2R H0n] DU 4R 3 4 6 R Rk AT 5

h—a—1
A 1<k<n (4)

DU (t) —hm (t—FkA2) (2)

GL,=1, GL,=

E BN SR GRS MW
V(O)=[U"(¢t) U (¢t) DU (1)]" (5)
K H Newmark -3 %5 {5 F1 40 R =0 (1), AB 98
T A5 2 Z2 GOk A 10 5 A0 3 k2 R (i 50 R L

GI‘;(* 1s

Bif SR )«
Vi=Q,LF._, + Q. LF,+TV,_,+
leu’/cvlf/” lélgn (6)
=1
XL P w=(A)“GL(0<k<n); V,=VI(1),

Vi o=V, ), V. ,=V( ,),F.=F(),F, =
F(t, ), o ,=ine, ¢, 1 =0G—1)At, t, ,=(i—
RIAGQ, Q. TH T, R 545 Z80A ¢, BT &
IR 2 DL S T 0 R LR o

AR — B, BE Vi=V(0)=0 M F,=
F(0)=0,2T:0(6)Reig 152 R Em =N

R dl e SRR B R
V,:A,‘JF1+A[‘2F2+ A +Ai,l’Fi:
AF,, 1<<i<n (7)

FivaE] F[,.]:[Fl F, - FIuA=[A,, A, -
AL HPRBEMEA,,(1<j<<i<n)WDHLUTF
GiRE /NS g

A =Q,L

A, =(TQ,+ Q)L+ w T/A,,

(8)

i—1
Ai,l: TAf—l.] + lekaf—m, 3<i<n
=1

A=A, 2<j<i<n

R 2 (8) Pt 7 1) R B ) i 2 R I N FE R R
WEBMEA  (I<<i<2)THEHTEMGEME, HAa
ZHMEHTUMHA (I<<i<n)FExR., VH4TE
WA E A BAHMNYHEE L, ERREL
Ak 22 1 FH 0 B A ik o el 7 (O Can il 1 s ) F R4
TELZIRIRE . I, ZEmE A, (1<i<
n ) BB B A 2 T B SRR SR AT 1 R
B 2 53 7 o
A0

oA

T ET— PR

BT B ik ol il £ (2)

Fig. 1 The unit impulse excitation f ()

— R AT R G TE AR G Y 2 DG B e 7,
AN ORI RGP A e R o BRI R T O Y
DGR e N7, G2 A e N7 e N AL A e ;43 KRB
SR F N Ty e A U el =X (7) BE 1845 3 O B e
IE o, i TR K

ri=q'V,=a,,F\+a ,F,+ - +a,F,=

aiF ), 1<<i<in (9)
=K a;l, B oa,=q"A,
(I<j<<i<<n)q=[q> qv qi]" HE# & L
T qu. gy F g, 53 0 R XL B i N T e R A
R NS> A B A R e . Y o Vo R R
— LA W N7 JE W] N7 A A 0 I8 53 B S R L ¢
R 5 %A RS R R ) N 5 A5 AR e N, 43 BB
BRI IC R R 1A, HARITTEI N0, M r, A —
A A PR 3 0 02 B q A4 88 T R O PR AR AR DG R

a":[afl a., -



1060

% 35 %

2 ETEHERSZHNI ML REE
A =X R aA =

R 0 R o BB B R G b B — S8,
W %of 3z B 7y B (1) W s [] ) 56 7 2 800 R e 15
LU REUE T

au (¢) au (1) au (1)
M 5 +C P +K 0 +
8D7U(z)_8L M
C. 20 _ae [ U D
ac . K

&b aM/a9,ac/a0,9K/20,9C,/a0 F AL/30 4y 5 Ky
HWBEM,C,K,C, MILXTZSHOMRME;
AU (1)/20,aU (1)/a0,dU (¢)/a0 F1 aD:U (1 )/a0 43 5
U RE [ U (2),U (), U ()M DU (1) R T80
H R EE .

H 3 (10) 7T LLE H, 5 805 O B2 19 5K A A T
BEIT D BR G . (DT U (1) FiB N

(10)

U(t)=M '"[LF(t)— C,DU(¢t)— CU(1)—
KU (t)] (11)

BT AK(10) T 45 .
oU(t) aU(¢) _adU(t)  aD:U(t)
M a0 e a0 K a0 te o
L. F(t)+L, V(1) (12)

A V)= (5)Frs LML, AT DL IR R
oM
a0 a0
L= FMM K— K a—MMIC e (13)
a0 a0 a9 a0
M = ac,
e

X Ee (D) A= (12) ] g0, 2R R50RE 5 # iz 30 7
BEEX LE2—-20. Wik, 50628, Z4K
A 10) o R AR B A T LR A R
avi_
%—Ql(LlFifl_’_LZV[f

+T12wk Vi k,

1B e %éfﬁéﬁm% 4+79V0_0 CAER IR GE LS
&S50 K, BV, /00 =0, 3 T = (6) FI
(14) Re W 45 31 2 ook A 1) 2t 0% 1 e 4 X
Tk R

v

ng:BmFl + B, Fy,+ -+ B F,=

D Q. (L Fi+ L,V,)+
E)V !

I<<i<n (14)

B.F,. 1<i<n (15)

:T‘—tqj F[,’J:[Fl F, .- F,']T;Bf:[Bm B, - Bi,/l
KRB EB,,(1<j<<i<<n)WHUTHE
ARXFEATIHI

B, ,=Q,

B, =TQ,+Q;+wT B, +T,A,+wTA,,

i—1
B,,=TB, 1,1+lew,’<Bi mt T A+
=1

i—1
Tsz w, A, ks
=1

2<j<i<n

B, =B, ., 1
(16)
:Etl:'j
Qg:Q Li+Q.LQL Q=Q.L +QL.Q.L,
=Q L, +Q.,L,T, T:=Q.L.T, (17)
5 KM, A (16) M HEH R T R A =
B, (1<j<<i<<n)ZRIMHNTEXLR,NB, (1<i<
n) s B HEAT TH SR A AR AR B m) & AT DL
B, (1<<i<<n)Fm. H5A K0, 2% 0mEB,, [
FEEAT W 0 ) B X, B RN TE ¢ B ZIAE T 2R
A7 ik b sl £ CoO)CIE 1R ) R, RGEAE 1, 85 Z Ik
Ama AT, ik, f##mEB, (1<<i<<n)i
THEA A Y T X 53 B 5 BOR G kAT 1 U [ R B
JE B A 3 T
E () O N 8 T 800 1 REE R
ar/00, Wt X (15) 7T 15 ar /00 By ek g 3k h
g—; q a;; b \Fi+ b, F,+ - + b, F,=
biF, 1<i<n
KX p bi=[0, b, -
(1<j<<i<<n)s
B % 18 m AN S8, WL T B R Sk
G SRR 7, O T TR S A R R R e et KR A
TR R A Y T X 0 BB T R FR G SR AT e YR S
RPEREST . YW RNEITSESEEES
N RC S N 2N I A NI B S R i RS P i
i C B ) N7 8 R T A R 2 R A K

(18)
{7;:], /E\: EF‘ b:,j:qTBz._/

3 ETHBZEZNIAMEREE
B 48 =X Rk =

7@@?3%({ ¢ FNF 220 5 137 03 1 54 1 7

”Fﬂ@,mﬂﬂﬁﬂmr )TLJ%%L%LJT*/\%%?J—K
(=i (=] ghu (ot~ 1)dr (19)
A MmN U () BFREERT K 5 g M EF X
F W) R P8 48 [n) 1 5 6 (=) SN Dirac PR,
B T H R (1) % T2 8000 R40E 51 A

ixr



o5

GEGIAE A B B R e AR T AR B WL IR B R SO 23 B B I S0 1061

— A PR R A, I E S — A R R

S/’(l)j‘:l
p(D=r()t [ 1O MU+ €U+
KU (t)+ C,DU(¢t)— LF(¢)]ds (20)
F T8 5 B (1) 76 AT 2 I 204 Bl sy, o (7 )1 2%
For( ) VBT 25006 R U a2 B .
ag(1)  ar(1)
/Y
5t 2% (20) 2 45 Wi v [l i 56 T 28003k &, I it
FF 433 R4, 4 B I A 45
d

(21)

p(1) (" dq} .
= A,JO Luet—det
o IM .. ac .
J Al(t)[ae U(IH—%UUH—
K ac, . L
%U([)JF%D,U([) 20 F(l‘)} de+

J{TKUM’XWUC+XWUK+

) n ~ | aU(z)
lim ;wkﬂT(1+kAt)Ca+q$8(Z*t) 0 de+
nAt=ty—t

i | .. U (1)
Al _/11

(1) % ()M T +

0 0
au ()|

AT()C 22

(2) 4 (22)

0

S 3R (22) W AT 2 1 £ B 1) o A2 ) #6571
N TR G T B 1 R Y R QU (¢)/00, 1T gk %
— P B 1] DL BR P 0U (¢)/00 TR 3 351, 45 5]
LR P Bt A
MA(t)— CA(1)+ KA(1)+

C. lim D w A+ kdr)=—g,0(1—1) (23)
ar-0 =)
nAt=ty—t

e RE WAL B MM E 5k S50 K

%, WA U (0)/00=0U (0)06 =0, i, 4 =
(22) )5 =¥ % F 0,13 B DL 248 %44 -

A(t)=0, Alt,)=0 (24)

e, 5 (23) F1(24) 4 B — A 56 F £F Bl )

ACe) AR TR) B, Ry SR i 2 Il R, ] R FH A2 Q4
s =ty — W LA ) R o pRCAT) A T R, P

d*Als) dA(s)

- C KA(s
M e + P -+ (s)+

C,DiA(s)=P(s) (25)
dA(0)
ds =0

A(0)=0,

R P(s)=—quo(s—s) B RIEM 2 s=5=
£y — LA FE 0 Tk oo S8 5 e B T B ACs)= A2, — 5);
DiA(s)RIRITA(s) KT s Ka(0<<a<< 1) T ¥,
Wik .

DEA(S)= lim D wAls—kdr)  (26)

A0 3 =0
nAt=s

o Ak b 5 B2 (25) F052 3l )5 B2 (1) W] 61 4 4 75
T3 L — B0, B LR (25) [ RE T LLSR F New-
mark-g BB FR 43 0 0 AT SR % . — L3R AS fk B 1A it
Als)=A(ty— )= ()5, = (21) Ff(22) B AT 15
S0 15 (2 ) RAE N -

(1) (vdgh .
2 —JO 20 U(t)o(t—¢)de+

o N M .. a£
Jo‘4 (24 z){aglf(z)k 2 U(t)+
0K oc, L

VR 2 1= 1= iR = (1) (1<
i<<n), N W, 84 =1, =i+ 1)As, LI}
P(s) & TE 0 Z) s = A A Bk b 3% o e
U0)=U(0)=0F F(0)=0, = (1) F(2) 7 &
U(0)=0FD:U(0)=0, XH N A0)=0, fr A=K

(27) ] AR BB AR 3 A AR F

or,  dgp o (aM .. aC .
aé=5§u+?}ﬂﬁ(;gm+aﬁm+
aKUkaacaDj’UkaLFk) At,

a0 a0 a0
1<i<n (28)

ﬁrl-' A17&+l:A(ti—k+l)(1<k<i<n)o
(1) Al
U=M '(LF,— C,D:U,— CU,— KU,),
1<k<<i<in (29)
F (2O RN (28) 1] 15
r. __ g
0 96

U — zA,T i1 (L Fo+ L,V AL,
=1

1<i<n (30)
L v,=[U U5 DU T(Q<k<i<n);L,
AL, X (13) s o
20 (7) AT A5 B U, 1) R 3t 23 ik X0
U=A"F +A%LF,+ -+ AV F, =
AVF , 1<<i<<n (31)
A A,U:[A,”,ﬁ Agz Ak’l]’;H;EPAngjXEI/%
s A, (1< j<<i<<n)HFMNTF UMM &
H 2(7) F (31 AR A (30) ] 45 e i R A i
ar /00 1y il i X3 Xk



1062 B oz OB ¥ R % 35 4
I e F Fit e+ BF=F I 2 20 6, SR P o 2 g 0 R A B
a0 B At s R4 WOR R S B B R i

I<i=n (32) g T 24 7 5 K 103 5 BO8 H B At SR A

K bo=[b., b - b LI R i O£ B L

er: aqg AH*(AfT i+ 1L1+2A,T vl Ay, )AL -
a0 ’ ' 4 JEFIEBEVIRE R 8 F 5 7 89 B s

1<j<i<n (33)
2 (8) BT8R 9 R I A, (1< <i<n)

2RI AE X R, T2 (33) B

)

v,

W1 20 Af‘/l_(A;I‘Ll—i_zA;I;kJrlL?A/e,l )Af,
k=1

1<<i<n (34)

boy=b, 1y 2<j<i<n
WA GO UE RS (1<i<n)®
i

AT RIAE B, A BB AT L b, (1
i<n) £ R . f£ B K B F M M
A (I<G<<i<<n) Wy FER L, %K1 0k &
ACs), BT T3 O RBh, (1<<i<n)
I g 7 i 8 RO ar /00 Bk R X Rk R (32) .
T EAR MO0 R, T W 7 R B R 6 TR
7] 2 0 R fr et a0 A R A A, R B EAT 10K
Bl 7 B SR %, 5 A Y T XN BB SRR B
AT LY I R AT . LG, 2 B R A S

AN

il

Rb‘(flv fl)*/lp‘(l‘l)/lb‘(ﬁ) RF([D l‘z)*/lp(l‘l)/lp(fz)
Ry (1,, l‘l)_#F(fz)/«lF(l‘l) R (1, [2)_ﬂF(Z2)ﬂF([2)

COV( F[i]’ F[,]):

RF([I’ [l)_,uF(ti)ﬂF(tl) RF([n tz)_/lF(fi)/lF(f2)

A e () MR (2, ) 23 90 D A SF 53 Bl AL 3 el
F () B9 S5 {E pR ORI 1 AH G pRER

74, 30 (35) ~(38) 7 BB S B AR GE
IO S8 VT R AR B I B XA S B S T RS
N GE T RO S W G T R A B R . X
(35)F1(36) AT LIFRAE 5L T B 0R 5 il i 3 X007
5, M (37) A (38) AT AR A 3 T Fifi 22 1 vk i) i
sk X5 1%

5 BEEH

LR 2 i 78 152 4 5 5 B50Rh o BELJE 4 19 )2
YY) 46 Ay BR(E T A 9 R A ST B AT AR B
BLIR 3 52 SR 23 A i 80 507 92 A0 3 BR0KS B R 5
ROA L A — 2 B R RIS 4300 R m, =
1.8 X 10" kg Fll £,;=8.9 X 10° kN/m (1 <</ << N ),
N O S5 R R B, FEAR S T N = 20, 2R FH 3 )

BXFTE

S SR 7, 1 BB 2t R R (9) L LA
R Or,/00 19 B B 2 3 362 (18) 3 (32) 1 46
B 4 3 0 R O T A B0 1 -, 6 08
P72 o2 % F- 2500 19 RUE N

au, L ar, - .

ﬁ:h(%):lhh(Fh]), 1<Z<7’l (35)
do/ ar, . o
% = 2cov(r, %): 2(a;i)cov(Fy, Fi,))(b)",

1<i<<n (36)
&%

u, ar, ~r

BB (=B E(F,). 1<i<

90 (a@) b, ( [,]) 4 n (37)
do/ or

= 2cov(r, 7‘9 )=2(a;)cov( F, F ) Z: )",

1<<i<n (38)
K Fr WX E ) Ay 22 56 B AT LR IR R
ECF )= pe(t:) pe(ts) o pe(;)]" (39)
Ri(ty, t)— e (ty) pr ()
Rp(z‘z,z,)—sz(tz)#F(z,-) (40)
Rp(tit:)— pr () e (1)
RHJE B AU B854 5 1 B FAR 20 BB 245 i BELJE L ok
§=0.05, itgh— 2 m & 1R PE e &%, B
Je#s 52Xl g = arccos 0.8, Frfi H o
PEBH JE % /Y B2 T B R By 43 B B Kelvin 45
R R
Joi= ko g+ ca i Diug;, 1<<i<<20  (41)
P g, R AR EE BEE & 99 3 1 1 1] AR
XTALHE 5k, FH o, 53 00 R 565 A4 b stk BEL JE i 7 M1 B2
FEAEE ZB . TEARBH P, Ma=0.6,k,=
ky=3 X 10°kN/mAMc, ;= cq=2.5 X 10° kN +s*/m
(1<<i<<20),
Sk 2 BB R M E M F(OMER,
F (o) By 5 98 1 AE P R BE AL B2, ) F ()=
g(o) f(e)e gCe) )i R AL, BOR -

(41, ), 0<<r<y,
g(1)=11, L<<t<1{, (42)
e S(t 1,,)’ ZL!;< f< L-



o5

GEGIAE A B B R e AR T AR B WL IR B R SO 23 B B I S0 1063

F()

B2 B B S B SR e 4% 192 S DI 45 4
Fig.2 A shear-type structure with viscoelastic dampers mod-

elled by fractional derivatives

X §=018,,,=6s,4,=18s,1,=30s, f(7)
S AR Y- R B B AR T AR B R eR B
Kanai-Tajimi i ", Bl ;

w, T 48 w0’
(0w, — ")+ 4w’
K w, = 15.708 rad/s,{, = 0.6,S,=0.005 m*/s’,
S E A S R ERT DLk

S, efg*'w“‘r"

So (43)

S/(CU):

R/(7)= Jj Sw)e"dw =

2
[,ulcos(wdrH— o sin(wdlrl)} (44)
A
wd:wm/l_ig;
- w, (1+4¢7)
T, (45)
w, (142
py =i ok

J1=&
A H , F (2 ) B AR G bR B AT L3R IR Ty
Ri(t,7)=g(t)g(t+7)R, () (46)
B A E R BHLJE A 0 WIS R BRI BH S R 4k
By [E if A2 4k, A 2 B 80, 43 0 R ey i oo
g3 i R T 25K 235 (Direct Differentiation
Method, DDM) #l £ B 28 & % (Adjoint Variable
Method, AVM) 1Y 48 i 2075 2% (Explicit Time-Do-
main Method, ETDM) X} [ 2 filf 75 J2 8 11 45 ¥4 i 17
e AR B LR 20 R O S A o W) A, SR 2k 1 58
£ B4l (Monte-Carlo Simulation, MCS) i A R 22
435 (Finite Difference Method, FDM ) i1 54 Fifi ¥ 3%
B RMEN S, dh 20 0 KEBCY RTS8
0.2% A2 At , MCS M FEAEURCR 10°, B2 3 B 40

KIAI=0.02s, BB EK N T=30s, =Fit
B R TR KL AR 22 56T kg F1 ¢y 1 R
BERE 45 SR 4y A P 3 AN 4 FT 7R o M aT LUE 3
T DDM (1 ETDM FilZE T AVM (1§ ETDM 845 I
HEATES, Y 5T MCS i FDM i 8 45 £ W &
KL, U6 BA T B O ik EL AT BEABL A T AORS B L b Ah, A
Bl 3R 438 T LLE Y T2 KOV B b o 25 R
R 114 25 b b 34 B I 27 31 20 (42) r 7 35 50 VR o o 4
(5% ), Uk B ZE AR SE R BE LI o B R S5
14 BEATL I 7 R R EL A B S A AR SRR ARRAE

% 10'].3

—e— 2 FDDMHAIETDM
—— T AVMKETDM
— X FMCSHFDM

WX REE /(- N
|
N

R
|
=

05 10 15 20 25 30
NN ETIVAN
B3 TR KRS bR 22 50 T ey 19 RIS 2
Fig. 3 Sensitivity time history of standard deviation of top-

storey displacement with respect to 4,

X 10-[2

——3FDDMMETDM
——JEFAVMAETDM
—#FMCSHFDM

WeERHE /(m” « N
|
N

T

¥

0 g 1I0 1I5 2IO 2IS 3IO
ENETIVN
P4 TR K3 F% A 1E 22 5 T g 149 2R 1802 1 7
Fig.4 Sensitivity time history of standard deviation of top-

storey displacement with respect to ¢4

R =R R R AN 1R . AR
AUEN ERITSHAA2ANELT , ET
DDM ) ETDM F13EF AVM ) ETDM 18 i} [1] 43
B 2.3 2.1 s, ¥ iE /> F 3 F MCS B FDM i+ &
BFIR) 10 B T 4 O vk B BRAR TR CR . XA
RAEFT MCS [ FDM H | FFZ X 5 B F AR 5%
HEAT RSk ) 0 07 B AR 43 A7 o T AE ETDM o, 45 2 T



1064 B T B % W %5 35 %
DDM #4 g g )37 72 A8 R 1 isf 3t X Rk o 3 5 : % - o
ASCRE 24 75 %8 B 5 803 GE R AT 2 Y M) 7 SR A8 O—F%ﬁMMMﬂq !
FEAT T s B 5T AVM g 2w )i 52 8503 A B 3 ik =X o || [—2%FAVMEIETDM
Ik, Hl EE AT 1O BE T R SR A A B A Y P
F X B G BOR Ge AT 1V B R AT w 21
£1 =#AEHITERE (2Nt S%) % 3
Tab.1 Computational time of the three methods ;E
(2 design parameters) % B
VRO VR I s skt
P DDMIETDM 23 B6 TURATRB AR 2R A G T ¢, (1< 1< 20
T AVM B ETDM 2.1 A
T MCS 1 FDM 3840 Fig. 6 Sensitivity of maximum standard deviation of top-sto-

h TR TR SR H R 2
B B TH SR, 2 R 45 2 6 R P RHLE 2% 09 W EE &R 2K
FIBHJE R85 B A 22 A, BE B 33 S 808 A, F
e (1<<i=<20), 4631404, RAXFDDMMET-
DM Fil T AVM B ETDM 43 338 10 2 K - %
T 1 22 e RABL DG T W R B Ay, FIPBHJE R o, (1<
(<< 20) [ R OB T A R A 0 dn &1 5 6 TR o
MRS FL6 0T L Y, Lk TR Oy ik A T3 45 AR
A, X 5K 34 T W g 20 B 4 — B, R Rk ]
LA H T00 )2 7K P51 25 1) e KA 0T JiG 2 28 i
BELJE 1 I 32 22 5 0 BEL JE 28 50110 A Ak T UK

WA 5 BT B R R 2 fir s . R e] LU
ALY F R AN IS E T AVM I ET-
DM # 3 F DDM (9 ETDM H A W & 1 2% F AL
P, XIEHAEETDM H, #4536 F DDM 44 g i iy
R s sl o R 2 B A Y T X A Ay
SRR GE AR AT A0 YR R AR B R 43 AT 5 i B
AVM ¥ g iy 2 808 g if e R s, ) 1w
BEHEAT 1A B T R SR B R A Y T X A ROy

0 5 10 15 20

| |—e—2FDDMHKETDM
—a— FFAVMAIETDM

W2 REUE /(m + N
|
S

7

b
E

'XIO»M

E5 T2 KA B8 bk M 22 5 KA R T Ay, (1 <<i<<20) 1
REE

Fig.5 Sensitivity of maximum standard deviation of top-sto-

rey displacement with respect to &4, (1 << i< 20)

rey displacement with respect to ¢, ;(1<{7<220)

#2 ETDMHKItERE (40 Mgt S #)
Tab.2 Computational time of ETDM (40 design parame-

ters)
T BT E] /s
RN ATDDMHA) AT AVM
ETDM i ETDM
et ) 7 i 3R AA = 0.3 0.3
A T ) 7 2 A R 4 3k 12 0.6
A 7 48 30 S R 1.4 1.4
it 13.7 2.3

SER G AT LU R R AT o

N A STy v R RT DL HE— 25 N H
STEN SR G AR T RBENLR SR BT R
Hi, Y2 A BB FG S BELE 25 M e S S e,
T K ik ik 2 808 H i w0 T DR T
DDM B ETDM #F 47 2 8 1155 25 7% 150 B0 o &
s BELJE % A e # FN L AR I BT AT R R 1 S
BEHBEEZ, TR T AVM i ETDM #
1T R .

6 & it

BT R AR 3 W Y B HEOR Tk PR B AL A ik
I e S T 23 B S A AR G Bl i R AR Y
i 0 SRR S0 B T RGP R B LR 3 R
JEE 73 A7 B4 P Js S 27 3 R A AR G O A ) 1
G A RUE o BUES BSR4 A
TR T 0k wl Pk B 3k A I 5 vk BT
R T SORT BE AT B AOR . MO S B E B
M, 2R FH 2 T 10K Sk Ay s 3 e 5077 ok B o g
B M SR B 2 0 R L AE T AR 1 ik
(1 i Jek 2 O R AR . AR SO R DT ik T



Jep

o9 5

1 GEGIAE A B B R e AR T AR B WL IR B R SO 23 B B I S0

1065

FELk

Vi Bl ML 2 55 S 2 VAR ik 45 G, T RUSK i 20 %

B AR 2tk A 4 i AR AR BE VL IR 3 R AU (R

A Frit— 205

S % 3k
[1] Bagley R L, Torvik P J. A theoretical basis for the ap-

[4]

[5]

[6]

[7]

plication of fractional calculus to viscoelasticity[ J]. Jour-
nal of Rheology, 1983, 27(3): 201-210.

Di Paola M, Pirrotta A, Valenza A. Visco-elastic be-
havior through fractional calculus: an easier method for
best fitting experimental results[J]. Mechanics of Mate-
rials, 2011, 43(12): 799-806.
Makris N, Constantinou M C. Fractional derivative
Maxwell model for viscous dampers [J]. Journal of
Structural Engineering, 1991, 117(9): 2708-2724.
Shen K L, Soong T T. Modeling of viscoelastic damp-
ers for structural applications[J]. Journal of Engineering
Mechanics, 1995, 121(6): 694-701.

Lewandowski R, Pawlak Z. Dynamic analysis of frames
with viscoelastic dampers modelled by rheological mod-
els with fractional derivatives[J]. Journal of Sound and
Vibration, 2011, 330(5): 923-936.

Spanos P D, Zeldin B A. Random vibration of systems
with frequency-dependent parameters or fractional deriv-
atives [J]. Journal of Engineering Mechanics, 1997,
123: 290-292.

Agrawal O P. Stochastic analysis of dynamic systems
containing fractional derivatives [J]. Journal of Sound
and Vibration, 2001, 247(5): 927-938.

Di Paola M, Failla G, Pirrotta A. Stationary and non-
stationary stochastic response of linear fractional visco-
elastic systems [J]. Probabilistic Engineering Mechan-
ics, 2012, 28: 85-90.

Spanos P D, Evangelatos G 1. Response of a non-linear
system with restoring forces governed by fractional de-
rivatives-time domain simulation and statistical lineariza-
tion solution [J]. Soil Dynamics and Earthquake Engi-
neering, 2010, 30(9): 811-821.

INEHE, P . 2 o S BB JE T AR 2R e B AL IR 5h 45
Fa w57 64 D) 58 8 BE AL T LT]. N M )2 4l 2013,
30(3): 401-405.

Sun C Y, Xu W. Response power spectral density esti-
mate of a fractionally damped nonlinear oscillator [J].
Chinese Journal of Applied Mechanics, 2013, 30(3) :
401-405.

Xu J, LiJ. Stochastic dynamic response and reliability
assessment of controlled structures with fractional deriv-
ative model of viscoelastic dampers[J]. Mechanical Sys-
tems and Signal Processing, 2016, 72-73: 865-896
Huang Z L., Jin X L., Lim C W, et al. Statistical analy-

[13]

[15]

[16]

[18]

[19]

[20]

[23]

sis for stochastic systems including fractional derivatives
[J]. Nonlinear Dynamics, 2010, 59(1-2): 339-349.
P, BRE, BELL, 5. Guass IR BU T 4K
[ S NI [ =8 VA R VS - G| WA
2014, 35(1): 63-70.

Li W, Zhao J F, Li R H, et al. Non-stationary re-
sponse of a stochastic system with fractional derivative
damping under Gaussian white-noise excitation[J]. Ap-
plied Mathematics and Mechanics, 2014, 35(1): 63-70.
Fragkoulis V C, Kougioumtzoglou I A, Pantelous A
A, et al. Non-stationary response statistics of nonlinear
oscillators with fractional derivative elements under evo-
lutionary stochastic excitation[J]. Nonlinear Dynamics,
2019, 97: 2291-2303.

Kobelev V. Sensitivity analysis of the linear nonconser-
vative systems with fractional damping [J]. Structural
and Multidisciplinary Optimization, 2007, 33 (3) :
179-188.

Martinez-Agirre M, Elejabarrieta M J. Higher order ei-
gensensitivities-based numerical method for the harmon-
ic analysis of viscoelastically damped structures [J]. In-
ternational Journal for Numerical Methods in Engineer-
ing, 2011, 88(12): 1280-1296.

Lewandowski R, Lasecka-Plura M. Design sensitivity
analysis of structures with viscoelastic dampers [J].
Computers and Structures, 2016, 164(1): 95-107.
LiL, HuY J, Wang X L. Design sensitivity analysis of
dynamic response of nonviscously damped systems|[J].
Mechanical Systems and Signal Processing, 2013, 41
(1-2): 613-638.

Yun K S, Youn S K. Design sensitivity analysis for
transient response of non-viscously damped dynamic
systems [J]. Structural and Multidisciplinary Optimiza-
tion, 2017, 55(6): 2197-2210.

Zhu M, Yang Y, Guest J K, et al. Topology optimiza-
tion for linear stationary stochastic dynamics: applica-
tions to frame structures [ J]. Structural Safety, 2017,
67: 116-131.

Gomez F, Spencer B F. Topology optimization frame-
work for structures subjected to stationary stochastic dy-
namic loads[ J]. Structural and Multidisciplinary Optimi-
zation, 2019, 59: 813-833.

S, B . AR BE LR T 45 R A &R Sl TR
kg [T, J1°% %4, 2010, 42(3): 512-520.

Su C, Xu R. Time-domain method for dynamic reliabili-
ty of structural systems subjected to non-stationary ran-
dom excitations[ J]. Chinese Journal of Theoretical and
Applied Mechanics, 2010, 42(3): 512-520.

Su C, Xu R. Random vibration analysis of structures by
a time-domain explicit formulation method[J]. Structur-

al Engineering and Mechanics, 2014, 52(2) : 239-260.



1066

& @ L

% 35 %

[24]

[25]

HuZ Q, Su C, Chen T C, et al. An explicit time-do-
main approach for sensitivity analysis of non-stationary
random vibration problems[ J]. Journal of Sound and Vi-
bration, 2016, 382: 122-139.

Hu Z Q, Wang Z Q, Su C, et al. Reliability based
structural topology optimization considering non-station-
ary stochastic excitations[ J]. KSCE Journal of Civil En-

gineering, 2018, 22(3): 993-1001.

[27]

Applications| M ]. New York: Academic Press, 1999.
Kanai K. Semi-empirical formula for the seismic charac-
teristics of the ground [J]. Bulletin of the Earthquake
Research Institute, 1957, 35(2): 309-325.

Sun G J, Li H J. Stationary models of random earth-
quake ground motion and their statistical properties[J].
Earthquake Engineering and Engineering Vibration,
2004, 24(6): 21-26.

[26] Podlubny I. Fractional Differential Equations: An Intro- [29] Newmark N W. A method of computation for structural

duction to Fractional Derivatives, dynamics [J]. Journal of the Engineering Mechanics Di-

vision, 1959, 85(7): 67-94.

Fractional Equa-

tions, to Methods of Their Solution and Some of Their

Explicit time-domain method for sensitivity analysis of nonstationary

random vibration of systems with fractional derivatives

XIAN Jian-hua', SU Cheng"*
(1.School of Civil Engineering and Transportation, South China University of Technology, Guangzhou 510640, China;
2.State Key Laboratory of Subtropical Building Science, South China University of Technology, Guangzhou 510640, China)

Abstract: Fractional derivative models are capable of describing the constitutive behaviors of viscoelastic materials. This paper is
devoted to the sensitivity analysis of nonstationary random vibration of linear systems comprising fractional derivative terms. The
explicit time-domain expressions of dynamic responses are firstly established for the system with fractional derivatives. The sensitiv-
ities of dynamic responses are then derived using the direct differentiation method (DDM) or the adjoint variable method (AVM).
On the basis of the explicit expressions of dynamic responses and their sensitivities, an explicit time-domain method (ETDM) is
proposed for efficient calculation of the sensitivities of statistical moments of responses. The proposed DDM-and AVM-based ET -
DM are applicable to the scenarios with less and more design variables, respectively. A numerical example involving a shear-type
structure under nonstationary seismic excitations and with viscoelastic dampers modelled by fractional derivatives is presented to

validate the computational accuracy and efficiency of the proposed method.

Key words: sensitivity of random vibration; fractional derivative; explicit time-domain method; direct differentiation method; ad-

joint variable method
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