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Fig.1 Schematic diagram of the structural model of a

functionally graded cylindrical shell under thermal

environment

SCHR T IT S B D RE A BE AT RHE JABR 5 b B TR
A, FE R E M PO RS TR B & E AR L
VR o AWK R O)EIRE TN TAEE
WMFMER":

P(T)=P,(P .\ T '+ 1+P T+ P, T+ P,T")
(1)
K Py, Py, Py, P, APy 53275 bR IR B AH G
R PR PR SRR 7 1A P A 3R T A R A
W) HC A JEE 32 7 1) = S R R AR A

Z
ho o2
P.(T) (2)

Korf pFRMAR AT EL

SCHVIIFSE T ¥ A) (M RN AR 2R M = Rl R A
T, RR 25 B WA 4 50 5B 43 A T B Il B AR
b F£L X N?dT=T— T, Hh T,=300 K, £
PR AR 2 e T 0 A 2 s Y (B 5 PR 1 R B
A RLAS A, TR T 43 531 2% 78 25 K 1) D9 38 R4/ 350
AR, VU0 AT o B RT3 Ry
1 2

Eﬂzéﬁ‘@ﬁ\%ﬁ T= Tl +(T() - Tl )7](2),

| 5o
= d d 4
p(z) J/;/c(z) Z/Jﬁ/c(z) z (4)

SV LD SF T

P(T,2)=[P,(T)— P(T)] ( +1) +

1.2 gEEAERKE

I RE B B B AL e S5 M L B 3 0y B U= (U, V,
W) R b O

(5)

K u=(u, o) " #R BT R EAE & — W
x K10 77 0] 1Y PR AL B8 43 6 5w S Y = O 1) B A A
Bt o= (., @) " HKT 0 F xJ7 ] (e 5% 1 %
o2 1g
R A — i 5 U1 22 08 338 {5, 188 A 52 45 4 g A2
LR Z B FR N
e=(e, & e4) =&+ 2y (6)
y=(ye ve)' =70 (7)
K e, e e, WIAFE T AR B — 500 45 14 5 1
S sy Iy, R R G AR ) 55 U0 A s e, x F oy, 43
AR N8 A 7 7 A v 2 T Ak i R AR A |t R AR Ak
[ia) 5t FREE [ B 170 078 ) a0 AT AT DA R TR AT A 45
Hh T Ak A 1) B AR R, 2 0L SR 20
MR T SCHA v e 8 (8 A 58 205 /) 19 07 2% R )

KERMIRR
':6:|_Q5><5|:€i|’
T Y
e=e—(To—Tall 1 OF (8)
Kb o HIEN Iy & YIRS W Qs KRR

PR RSO R R T SR AL R = B R
FLTE ARt A ] UL SRR 201 .

Xt L A3 A JE BE T 1) 1k AT BR Y, T LA EI 25 A Y
B 3w N, S T MO RO ) 5 DD ]
BN,

h

[N M Ng]T:JZ lo zo kr|'dz (9)

h

Kb e XA UME IE R B, 7E— B 87 U1 A5 T2 #Lig
i HAE BN 576,

B (6)~()CAKX(9), AT LIRS # A1 T 1)y
Fl A 32 [ A 7 45 A4 (R A 4 5 7

[N M N JI'=Dile x yol (10)

KA Do A NI R B, AR 3k AT UL SCiHk[ 201 .

R4 ST AR X RS S0k [19], % 18 A
PREE R 00 5 Th BE R B 15 A 52 19 N AR B U Al ik
U=Us+ Uy,
U, zgjlfoﬂ( NTe,+ My + Ny, )ddodz,

2
L

R (5 (*("EadT [0w v
vi=—3 1L 1u(aﬁax)dfdf’dz

h

2

(11)



528 & 3 T

¥

%36 &

Ie) B, D) BB 3 B0 4 7 1) 3 A 2 ik =X T 0T LUAR
T (S it — RN

I, 0 0 I, O
a0 oo o 1«
Frlells 6 n o {w]dxde,
o I, 0L 0|e
0O I, 0 0 I

u
Y_‘ pu— )

2o |

w
¢

o

o

(Io,Il,Iz)ZFh(o(z, T)(1, z, 2*)dz
HH IV ML, A it A TR 7 1 g 24 50 A1 A0 3 B 2
WS T R RE R T RN N
Up, — EJ “JE (k/,uouz + k(,l,o‘vz + k/,wou'z +

h

(12)

2

ko 903 + kwo?’? ).;»:odzd(g +
R o h

2

?J J ; (k/m,‘uz + k/,,,]l'yz + k/m.l"Z/U2 +
0 _n

by 0% RypL ), dzd0 (13)
i B A F8 Wl A7 R A T 1B AT 52 9 v A6
ULl 88 A %o (B0 A 5 T A %) 2 AT D 3ROR Sy
R |
W:ﬂof S
¢
o AN Bl B A = L L S s my) s o )
Hf Ay M R s 2, 0 R 2 5 [ B 143 5 5 m, F1 o, 43
RN G 2 O T3 1) 1) 7 FE A o
KT SERAS [R50 B T e RS R A
T AEAE AN 3 22 ), SC R S L ART v R A
FL I TE 4% 5% R BOR 6 s [ A 76 W il 1) 1) R ) 7
Ti] 1) 57 B8 25 1T PRER -
g(x,0,1)=

daxdd (14)

2

z Z cos(A,a)[ A% cos(nd )+ A% sin(nd) H

m=0n=0

L
z ZSin(/l,x)[A}i;“ cos (n0)+ A% sin(nd) 1y e

[=—2n=0
(15)
Kb g=u,v,w, ., 03 A,=mn/L;mH n sy K

FEREG AL (b1=c1,s1) Jy 5l Bl oA £ R 11 R 80
w F R [ A B0 R 5 sin (A, )10 AE fh 1) B4R 880, L]
VAL AR B D' O 1 il D R B
i Lk AR N )R
HIZ R LR N
L=T—U—-U,+W (16)
FERE BEYZ R LA I S5 A R A ST S5 40 1 B 25 0T
PEAT SR AR, IF 2R Ritz 3 %5507 8 25 1/ oA BUR A

6 JEE (51 A 7 405 44 Y fE

PRI ZEBOCR w T, 7T 3RS IR BT D) se A B2 R
FE7E B PR SRR AE T 2

Mi+(Kc+Ky)g=F (17)
K g R PIAE TS 0 4 J5) AL g ] i 5 K Al K 59931
R 3% 235 46 I 3 R % R 3 S 5L T R R L L iR
JE AR AL 252 M K3 MR &5 F 1 E BE 5 F AR SR
A SRR 7 ) w AR R Horh F=0 0, 20 (17) @ 4
— bR M AR AR AR R) &, AT SR AR AR IR PR B
R (BT A A0 238 B G B A8 R AR 1] 1) o

2 IREIKRBE S

15 b A Y 4R Bl o3 AT B R LAl T, A X AR
BT T D) Re B R IR A 52 10 R s (AL 48 A el 3 3h A gk
SR M EAT M S . LIAE (T8 B A E
3z N ) B B A A A ), R R R=
1 m,h=0.1m,L=5m. J&Z%HE 55+, 5K
TABE £5 A0 2 1B R R SN, L2 TR SUS304
1) Ty B8 A B85 (5] A 576 245 4 S F 58 %k 42, T T R s B
e M 1 R B A G R BT ARG SCiRk [ 24 14K 4% . SOk
o AL 8 A (F) (3 (SS) . BY J1 (SD) Al [#
F(O)HEg M A UUKE,ELEE, E M E &g
PEL T AL B AT ¥ AT 3 A 08 SR R Y i S 2 R
B AR AR AT, L A 2 90 I (W] 2 2% SOk
[3JEH, oAb, AR HE S Sk [ 21 ] i i oE 45 1, [
FE5E AL RS 25V bR B0l 1) R 16) T 35 B [R] 1 46
BM=N=17,

2.1 BEHIRZSH

FL1HIH THAEE T C-C,C-F f1SD-SD g
o BE B0 AT 5 1T 8 B 1A A0 32 . MR R AR 4R B p=
0, TR KIE N L=4 m, LA BH 5 A S B4
F—%., £19H 7T dT=0 K, 50 K P F & 28 1k
FAF T T A5 S A L SOk At ZE R A
AL AT DA BT i A R RAE
AF S H B L AT 3k T A A 1) 67 B 25 0/ o SO X 1
WG — M TFSHMR. K240 TEAARFRE
AR E p=0.5, 1 MMAIE T C-C,C-F M F-FIfig
Tl JBE B A% SE AT 5 B [ A R . IR AR L dT=50 K,
B 52 1 R SF 5 BOA S B R — 38, A RJcik i &
WWHERIERNSZ MR, NEK2T LA
L SCh RS R A BRIT R R A R A R AT B
KA g 22 At 2% 0 5 IR 22 BRI T
AN TR B BRIV HE 42 DL KOR i Bk o 2% BTk, SCHh Ay
A 0 B B R A Ak v A M T R R BE R T g
b B IR K 5E 1 T ER A B ek



AN AF o BRI D RE M R B AT 52 R S R S AT 529

F1 FEBEZFMGTIIAESERETEHMERLL/Hz

Tab.1 Comparisons of natural frequencies of FG cylindrical shells with various temperature conditions/Hz

WHE dT/K J5 ik i
1 2 3 4 5 6 7 8

0 SCHik[20] 392.29 392.29 499.59 499.59 607.12 607.12 728.85 728.85
. AR 392.19 392.19 499.59 499.59 606.88 606.88 729.06 729.06
cc SCHik[20] 388.67 388.67 495.71 495.71 602.95 602.95 721.69 721.69
a A3 388.58 388.58 495.71 495.71 602.72 602.72 721.93 721.93
SCHR[20] 177.16 177.16 212.49 212.49 424.68 424.68 435.38 435.38
. 0 AL 177.19 177.19 212.36 212.36 424.83 424.83 435.47 435.47
or SCHk[20] 174.92 174.92 210.53 210.53 421.91 421.91 429.75 429.75
. KNS 174.95 174.95 210.40 210.40 422.06 422.06 429.84 429.84
0 SCHik[20] 281.25 281.25 459.87 459.87 501.55 501.55 657.60 657.60
SD-SD E'e 281.00 281.00 459.43 459.43 501.40 501.40 656.31 656.31
SCHik[20] 277.78 277.78 456.21 456.21 497.82 497.82 650.72 650.72
a A3 277.52 277.52 455.78 455.78 497.67 497.67 649.43 649.43
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Tab.2 Comparisons of natural frequencies of FG cylindrical shells with different power law exponents under different

boundary conditions/Hz

, — c-C C-F F-F

AR 3L AT W2/ % 3L ARG i/ % 3L ARG i/ %

1 182.07 183.98 1.04 89.439 89.777 0.38 88.027 89.519 1.67

2 182.07 183.98 1.04 89.439 89.777 0.38 88.027 89.519 1.67

0.5 3 274.31 279.26 1.77 96.207 97.592 1.42 94.117 95.264 1.20

4 274.31 279.26 1.77 96.207 97.592 1.42 94.117 95.264 1.20

5 286.83 286.87 0.02 196.82 198.27 0.73 224.69 225.65 0.43

1 208.54 209.35 0.39 102.52 102.45 —0.07 100.55 101.37 0.81

2 208.54 209.35 0.39 102.52 102.45 —0.07 100.55 101.37 0.81

1 3 313.56 316.42 0.91 110.03 110.61 0.53 107.78 107.90 0.11

4 313.56 316.42 0.91 110.03 110.61 0.53 107.78 107.90 0.11
5 328.57 327.27 —0.40 225.57 225.67 0.04 257.62 256.95 —0.26
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Fig. 6 The transient displacement response of various measurement points for functionally graded cylindrical shell under thermal

environment

3 & it

BT — B 57 U1 AR B MGE LA 3%, SOl
TR T D RERR B R AL SR SRR o AR T L i
TR SCHR T A5 R 5 SCHR A L B AT FROT B g 2R AT
XL, B8R T T R S A R BE A A A A AR B R T
B 2 (B AT 7 11 Pl R 3 R B 25 4R 3 o o 4 o e o
SR BT RV T R R R Rl B S R
S5 2O IR I T DI RE A HE (B A 5¢ I 25 4R 3 i 1o
PR AL ARAR DU 4 E

(1) B A BOm 38 O, A 5 25 4 257 it W
JEE ARG, 4 A A AR ER BT 4 19 25 52 3% W) I 4 i 1 A
R J 2 22 T B 4R

(2) 7E SD M E' 1 FL A& AF T B A 7E 454 1 i 57t

£ =8 Sy NS N 7 N A AL D IV S/ T R R (A

(3) e J 7 A A A 165 Jonn 58 A5 1580 A e 45 4 O
I, MG KT S5 M 7R IR 5 B 25 0 % ey Ly 14 R
Wi R o S T LA Y AR R R R W Dy
W

(4) R 5 0 VR 07 B 12 T 6T N7 1 ik 2
IO i 2 AR 2 2

S % X k:

[1] Igbal Z, Nacem M N, Sultana N. Vibration characteris-
tics of FGM circular cylindrical shells using wave propa-
gation approach[J]. Acta Mechanica, 2009, 208(3-4) :
237-248.

[2] #2890, %k . 2T Fligge B 1) L fEBA BE R 4% 72
FIH A 3l i 2 A A R et 7 L] R 3l 5 b



532

936 %

[3]

[7]

[10]

2020, 39(24): 63-68.

YANG Meng, LI Rong, LIANG Bin. A homogeniza-
tion transformation method for free vibration response of
functionally graded cylindrical shells based on the
Fliigge theory [J]. Journal of Vibration and Shock,
2020, 39(24): 63-68.

Su Z, Jin G, Shi S, et al. A unified solution for vibra-
tion analysis of functionally graded cylindrical, conical
shells and annular plates with general boundary condi-
tions[J]. International Journal of Mechanical Sciences,
2014, 80: 62-80.

IR, MR, kAT, A SRR B2 O R D e
B BE B AL ST E5 40 1 b IR sl AT SRR e B [T ] 1 B
12, 2015, 37(7): 710-724.

LI Wenda, DU Jingtao, YANG Tiejun, et al. Travel-
ing wave mode characteristics of rotating functional gra-
dient material cylindrical shell structures with elastic
boundary constraints[J]. Applied Mathematics and Me-
chanics, 2015, 37(7): 710-724.

IR, FAGE , kAT, A T R R M RO
T RO TE e ) RE B B2 1) A 5 U gl e M 2 BT [ 7] i JR 35 I
K224k, 2016, 37(3): 388-393.

LI Wenda, DU Jingtao, YANG Tiejun, et al. Vibra-
tion characteristics analysis of the rotating functionally
graded cylindrical shell structure using an improved Fou-
rier series method [J]. Journal of Harbin Engineering
University, 2016, 37(3): 388-393.

PRz ive, Bt s PR S A 0F T B D) RE A B2 I A 5 AR
SFPEBT ST AR J1 5%, 2017, 21(7) : 880-887.
CHEN lJinxiao, LTANG Bin. Study on the vibration of
functionally graded material cylindrical shells under elas-
tic boundary conditions[J]. Journal of Ship Mechanics,
2017, 21(7): 880-887.

Tornabene F. Free vibration analysis of functionally
graded conical, cylindrical shell and annular plate struc-
tures with a four-parameter power-law distribution [J].
Computer Methods in Applied Mechanics and Engineer-
ing, 2009, 198(37-40): 2911-2935.

Vel S S. Exact elasticity solution for the vibration of
functionally graded anisotropic cylindrical shells [J].
Composite Structures, 2010, 92(11): 2712-2727.
VIRAG, BT, IRE M N5 ER IR BUN O iE
B B RE R Al BE [ A ik B (7], N R B R o
2009, 30(5): 567-574.

Shah A G, Mahmood T, Naeem M N. Vibrations of
FGM thin cylindrical shells with exponential volume
fraction law [J]. Applied Mathematics and Mechanics,
2009, 30(5): 567-574.

B, 2R, BRAR, A D RR AR B BRI AT 58 1 4R B
PERFSELT). A 1%, 2011, 15 (1-2): 109-117.

[12]

[13]

[16]

[17]

[18]

[19]

LIANG Bin, LI Rong, ZHANG Wei, et al. Vibration
characteristics of functionally graded materials cylindri-
cal shells[J]. Journal of Ship Mechanics, 2011, 15 (1-
2):109-117.

T A& . T il Dy e JBE B4 R I A € Y IR S AR PRI 2 (D ).
% BH R R R A, 20138,

XTANG Shuang. Free vibration of rotating functionally
graded cylindrical shells[ D]. Luoyang: Henan Universi-
ty of Science and Technology, 2013.

Li H, Pang F, Chen H, et al. Vibration analysis of
functionally graded porous cylindrical shell with arbi-
trary boundary restraints by using a semi analytical
method [J]. Composites Part B: Engineering, 2019,
164: 249-264.

VERRHR , I, A% 0, A5 BT 2Kk i B A e IR Bl
Fe kA [T] AR b B R (B AR ),
2020, 48(7): 71-76.

PANG Fuzhen, GAO Cong, LI Yuhui, et al. Vibra-
tion characteristics analysis of cylindrical shell based on
Ritz method[J]. Journal of Huazhong University of Sci-
ence & Technology (Natural Science Edition) , 2020,
48(7): 71-76.

A ELE SRV RS A B i AR S A BT e ik (D]
K3 K% TR, 2017.

TONG Zhenzhen. Symplectic method for free vibration
analysis of elastic cylindrical shell structures [D]. Da-
lian: Dalian University of Technology, 2017.

MO, AR T U5 vk i D RE B L B A ST AR Sl AR
e AL B 12754, 2019, 36(3): 704-710.
XIAO Di, WANG Zhongmin. Analysis of vibration
characteristics of functionally graded cylindrical shells
based on Symplectic method[J]. Chinese Journal of Ap-
plied Mechanics, 2019, 36(3): 704-710.

Haddadpour H, Mahmoudkhani S, Navazi H M. Free
vibration analysis of functionally graded cylindrical
shells including thermal effects[J]. Thin-Walled Struc-
tures, 2007, 45(6): 591-599.

Malekzadeh P, Heydarpour Y. Free vibration analysis
of rotating functionally graded cylindrical shells in ther-
mal environment [J]. Composite Structures, 2012, 94
(9): 2971-2981.

Malekzadeh P, Heydarpour Y, Haghighi M R G, et al.
Transient response of rotating laminated functionally
graded cylindrical shells in thermal environment[J]. In-
ternational Journal of Pressure Vessels and Piping,
2012, 98: 43-56.

Zhang Lang, Li Xuewu. Buckling and vibration analysis
of functionally graded magneto-electro-thermo-elastic
circular cylindrical shells [J]. Applied Mathematical
Modelling, 2013, 37 (4): 2279-2292.



# AR5 RIETT )

N
H

b
B

B 8 TR A 7 4IR B R 1 43 T

533

[20]

[21]

LiZ, Zhong R, Wang Q, et al. The thermal vibration
characteristics of the functionally graded porous stepped
cylindrical shell by using characteristic orthogonal poly-
nomials[ J]. International Journal of Mechanical Scienc-
es, 2020, 182: 105779.

AYETN IR IR T e R A5 e — 8l ) e ALY
S TFSED ] MR W R TR R, 2014,

SHI Xianjie. The construction and analysis on unified
dynamical model of revolve structures subjected to com-
plex boundary conditions[ D ]. Harbin: Harbin Engineer-
ing University, 2014.

Barati M R, Zenkour A M. Electro-thermoelastic vibra-

tion of plates made of porous functionally graded piezo-

electric materials under various boundary conditions[J].
Journal of Vibration and Control, 2016, 24(10): 1910~
1926.

[23] Ebrahimi F, Barati M R. Electromechanical buckling

behavior of smart piezoelectrically actuated higher-order
size-dependent graded nanoscale beams in thermal envi-
ronment| J]. International Journal of Smart and Nano

Materials, 2016, 7(2): 69-90.

[24] Zhou K, Huang X, Tian J, et al. Vibration and flutter

analysis of supersonic porous functionally graded materi-
al plates with temperature gradient and resting on elastic
foundation[J]. Composite Structures, 2018, 204: 63-
79.

Vibration analysis of functionally graded cylindrical shell under
thermal environment

SHI Xian-jie', ZUO Peng"*
(1.Institute of Systems Engineering, China Academy of Engineering Physics, Mianyang 621999, China;
2.Department of Modern Mechanics, University of Science and Technology of China, Hefei 230026, China)

Abstract: The spectro-geometric method is utilized to investigate the free and transient vibration characteristics of the functionally
graded (FG) cylindrical shell under thermal environment. The boundary restraining spring technology is employed to simulate the
arbitrary classical or elastic boundary support of the shell structure. The energy functional of FG cylindrical shell under thermal en-
vironment is established with the first-order shear shell theory. The displacement admissible functions of the cylindrical shell are
characterized by the spectro-geometric method and circumferential Fourier harmonic function product sum to overcome the disconti-
nuity problem of the shell boundary displacement function differential along the boundary edge of the shell structure. By substituting
the displacement admissible function into the cylindrical shell energy functional, the Ritz approach is employed to construct the vi-
bration analysis model. The numerical analysis results show that the current model can predict the vibration characteristics of FG
cylindrical shells with high precision. The influence of power law exponents, thermal environment and load parameters on the vibra-
tion characteristics of FG cylindrical shells is studied. The new results presented in this study can be utilized as benchmark solution

for other numerical method development.

Key words: free vibration; functionally graded cylindrical shell; thermal environment; spectro-geometric method (SGM);

transient response
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